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Abstract

Burgers equation is the most celebrated and simplest nonlinear partial differential equa​tion (PDE) which involves linear diffusion and nonlinear convection. Burgers equation in one dimension was first derived by H. Bateman in the year 1915 to describe certain viscous flows. Later in 1940, J. M. Burgers derived it from Navier-Stokes equation as a model equation for turbulence. Burgers equation and its various generalizations often called generalized Burgers equations (GBEs) are studied by mathematicians, physicists and engineers from variedly different perspectives and contexts.
We now unravel the perspectives and contexts in which we have studied some GBEs. The concept of 'self-similarity' is paramount to understanding the qualitative structure of solutions of GBEs. The term self-similarity has found much broader scope both in terms of its definition and applicability. In this thesis, by a self-similar solution u(x, t) of a GBE, we mean a solution of the GBE which is invariant under the scaling transformation u i—> T\u, where T\u := Aau(Abx, At), A > 0. Here a and b are specific constants depending on the GBE. An example in this context is the fundamental solution of the heat equation. In this context, we consider the existence, uniqueness and asymptotic behaviour of self-similar solutions of a generalized Burgers equation involving p-Laplacian on the semi-infinite line. We obtain two types of asymptotic decay for positive solutions vanishing at infinity. This is achieved via the application of a shooting argument. We also prove the uniqueness of the 'fast decaying' (self-similar) positive solution.
The Cole-Hopf transformation and its generalizations are ubiquitous in the study of the Burgers equations and related equations. They often linearize the Burgers type equations, thereby facilitating the recourse to the rich theory of linear partial differential equations. We use the felicity of Cole-Hopf transformation and its generalizations to express the solutions of Cauchy problems for a nonhomogeneous Burgers equation in terms of self-similar solutions of a linear PDE or of the heat equation.

Usually physical phenomena depend on various factors such as convection, diffusion, absorption etc. which may interact and/or compete with each other. Therefore, to understand the impact of select factors on a physical phenomena modelled by a PDE, one studies a PDE obtained from the model PDE after dropping certain term(s). Also the solution of well-defined initial and/or boundary value problem for a PDE depend on the shape of typical initial profiles, namely top-hat, periodic and N-wave. In this context, we construct entropy solutions of initial/boundary value problems for some inviscid GBEs subject to top-hat initial profile. We also obtain the large time behaviour of the entropy solutions and their support functions, therby identifying the important phenomena of localization and positivity in different parametric regimes.Another interesting approach of studying GBEs is to mimic or generalize the solution structure of the Burgers equation. We construct approximate periodic solutions for two-point initial boundary value problems with sinusoidal initial profile for some GBEs by mimicking the well-known periodic solution of the Burgers equation. Approximation of solutions of initial boundary value problems for GBEs by interpolation formulas may be regarded as yet another interesting way of studying GBEs. In this direction, we approximate the solutions of two-point initial boundary value problems for some GBEs by constructing suitable Hermite interpolants.

